TABLE 1. Relative Fraction of Photon Heat Conduction, m, %

T, K ' M max m ” 7, K } ' Mmax l Coom
300 1,5 0,12 500 7,0 } 0,32/0,35
400 3.6 0,21 600 11.5 0.39/0.58

Thus, it has been established both analytically and experimentally that heat transfer by
electromagnetic radiation is negligibly small in polyethylene. From a comparison of the
absorption spectra for polyethylene, polystyrene, polymethyl methacrylate, and Teflon given
in [4] in the wavelength range 2.6-15 um, it appears that this conclusion is true also for
other polymer samples a millimeter or more thick.

NOTATION

AT, overall thermal conductivity, W/m*K; A, , photon thermal conductivity, W/m:K; )\, wave-
length, m; e, emissivity; Q, total heat flux, W/m®; &, sample thickness, m; t(}), spectral
transmission coefficient; E, radiative heat transfer, W/m®; I(}), spectral density of black-
body radiation; T, temperature, K; Ii, relative fraction of total blackbody radiant energy in
the range 0 to Ay; 0o, StefamBoltzmann constant, W/m®K*; ¢, irradiance coefficient; D, diam~
eter of sample, m; m, relative fraction of photon heat conduction; X;, absorption ccefficient,

-1
cm
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APPROXTMATE CALCULATION OF THE ULTRAVIOLET RADIATION OF DIATOMIC
MOLECULES AT LOW PRESSURE

A. S. Suprun UDC 535.231.4

A method is given of calculating the emission bands of isolated lines for a rigid
rotator based on summation of equivalent linewidths. A comparison of this method
with the method based on the rotational structure-averaged absorption coefficient
is carried out.

The conventional method of calculating the radiation of diatomic molecules in gases at
temperatures of 2000-10,000°K in the visible and ultraviolet spectral regions is based on
rotational structure averaging of the emission and absorption coefficients [1, 2]. It is
assumed in this approach that the rotational lines of the electronic—vibrational bands of the
molecule are distributed densely and are broadened sufficiently so that the lines overlap.
This basic simplifying assumption is normally not valid at temperatures less than 2000°K
and pressures lower than 1 atm. Estimates of the mean distance between lines in the UV region
of the spectrum are shown in Table 1 for some molecular systems at temperature 2000°K. The
estimates were made by computing the number of electronic—vibrational bands n with the emis-
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sion coefficient within 1% of the maximum, and thus the range of wavelengths X;-), defining
the most intense bands of the molecular system was determined. In similar fashion, the number
of lines n,; in the band branch with the emission coefficient within 1% of the maximum was
determined. Dividing the wavelength range of the molecular system by n, n;, and by the number
of principal branches in the band gives an estimate of the mean distance between lines. The
data given in Table 1 shows that the ratio of the mean distance between lines to the Doppler
halfwidth, equal to 0.002 nm* for T = 2000°K, p = 20 kg/kmole, X = 300 nm, exceeds this

figure by an order of magnitude for certain molecules. Even if we take into account that

near the edges of the bands, the distance between lines can be several times less than the
mean distance, it is obvious that the most unfavorable situation occurs in the case of hydroxyl
molecule. The large mean distance between lines in the spectrum of this molecule is connected
with the large value of its rotational constant.

Thus arises the problem of calculating the radiation of bands of isolated lines and an
estimate of the error due to averaging of the absorption coefficient over the rotational
structure. In practice, one seeks a method of calculating the radiation of the entire band
without having to calculate the radiation of each line, even if this causes some loss in
accuracy.

The solution of the radiative transfer equation along the radiation beam in the case of
no external sources and no scattering of radiation can be written in the form

L L
I,={ B, df(v dX, szexp[—z (thdx]. (1)
0

b

Integrating (1) over the width Av, of the rotational line band, we obtain

de
dX

_ Aan L.B
Iv: Ivd: v
R

dX. (2)

First we ignore the dependence of By, on frequency over the range of the lines. Next we de-
compose the Planck function into two factors, the first of which Bevy depends only on the
electronic—vibrational transition frequency vey, and the second of which bs;g involves the
frequency of the center of the rotational line Avj calculated from the beginning of the
band vey:

s?

sz Bevbfsv (3)

bjs = (l + —ﬁ)sexp(—amjs)_—_- (1 T _Ahf E (—2dvi)" “

!
Veu Ve st 7l

Because a << 1, if we are not interested in ultralow temperatures, we can cut off the series
in (4) after the first few terms.

1 , ”
dvge =g (Bl = Fi | (5)

v,y = —IB—(E’—{—G;—E”—'—G;). (6)

ev

Since the lines are taken to be isolated, we split up the interval Av, into subintervals
Av such that each subinterval contains only a single line. Substituting (3) for the Planck
function into (2), the latter now becomes a double summation over branches and lines of inte-
grals over the range Av. Bringing Bgy outside of the integral and double summation signs, and
bjyg outside of the integral sign, and then changing the order of integration over frequency
and differentiation with respect to coordinate, we find

R, s
Brmgx = B 2 20y ( SMR”dV)’ 7
Vis— 3
[L .
R, = exp (— >y S va*s*dx)- : (8)
s* ]’* X .

*The Lorentz halfwidth of the line at pressure 1 atm is about an order of magnitude smaller.
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TABLE 1. Mean Distance between Lines for Some Molecular Band
Systems at 2000°K

Region of Region of
Band system spectrum | AX, nm Band system spegctrum A, nm
)\1 A‘Z’ nm )\.1'%.2, nm
OH (violet) 283347 0,1 NO (&) 175—262 0,01
O, (Schumann—Runge) | 210—465 | 0,008 || CO (4th : 145—205 | 0,009
NO (B) 214—600 | 0,009 || positive} )
NO (&) 173—256 | 0,01 N, (2nd 298—467 | 0,025
NO (y) 205—334 0,016 positive)

Since the interval Av contains only a single line, the largest term in the sum in (8) is that
involving Kyjg. The other terms in the sum are small and can be ignored. Substituting the
resulting expression for the transmission into (7), transforming the integral to one over
frequency measured from the center of the line and introducing the equivalent linewidth st,
we obtain

dR ' dWJ's
v Y = —“Bev y bJs"——1
dx = e T dX (9)
+o L ,
W= {dv[l—exp({— | Kusdx),
n= fav[t—ew (= [ Kuds)] a0
K, = St fk< v ),kzD, L,
Vis Vis
1 1 1 (11
_ 42 S
fD(x)—‘ Vj?exp( .X), fL(x) = 1+x2

The limits of integration in (10) have been taken over all frequencies. This is justified be-
cause the absorption coefficient falls sharply even within the range Av. Substituting (4)
into (9), changing the order of summation over n and that over j and s, and bringing under
the derivative factors which are dependent on Av:. we find

JS
AR N = 4R a2
dX : n‘='o‘ n! dX
s 3
P00 =3 3 (1 ) G Wi a3
s i ev

Here Fo is the total absorption of the band; F, for n # 0 does not have such an obvious physi-
cal interpretation. The advantage of (12) over (9) is that the operations of summation over
lines and branches are decoupled from the operation of differentiation with respect to co-
ordinate.

Approximation formulas have been obtained [3] for the equivalent linewidth for lines with
Doppler and Lorentz profiles in which integration over frequency and coordinate are decoupled:

L L
. 1 .
Wien (xS @ (Zss), Zio= ——— [ Shdx,
' i, S ' OrVis § J_ (14)
Dp (x) = Vn f dyy? exp [— 4> — xexp (— ),
- X -
D (1) = J dy —~2 (1+y2)2 exp(——l_ky2 ), o, =Va, o, =n. (15)

In {3] the following two approximation formulas for these fumctions are given which are valid
for all positive values of x, and are correct to within 5% and 10%, respectively. If, how-
ever, we restrict the maximum value of x to 10*, the accuracy increases to within 2.5 and  3.5%,
respectively:

VIi+In(l + 1.65 %)
(7 0941x

] —exp(— 0,837 x
Dr(x) = ]/ 8(837x 3

(DD (x)
(16)
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TABLE 2. Coefficients of the Approximation Formulas

Doppler profile

branch I i | ¢ (@) | % l b
R 0 2,332exp (— @) 1,237° | 1,242
1 2,332 {Vz“‘ —Va[l —exp(— oc_‘;]} 1,700 | 2,390
2 2,332 (1 -+ @) exp (— @) 2,260 | 4,540
2 0 2,200 exp (— 3,14 @) 0,998 | 1,110
1 1,998 exp (— 1,20 ) 1,430 | 2,160
2 2,322 exp (— 0,423 @) 2,260 | 4,540

Lorentz profile,m=1 for R-branch, m = 2 for P-branch

i a; (@) | by {a)
0 2,332 exp (— m2a); 0,4198 1+ 0,1819m V & — 0,3315 m2a. .
9 [ Vo . .
! 2,382 | —5——mVax 0,3380 - 0,04741 m }'o — 0,1168 m?x
R ‘
X [1—— o —~exp(——nﬂa)]k
3 Y
2 2,332 (1 4+ m2a) exp (— m2a); . 0,2286 - 0,02002 m } & — 0,06580 m2a

Substituting now (14) for the equivalent width into (13), replacing the summation over j by
an integral and introducing the new variable p = VEYZ(Zj + 1), we obtain

L > A 3
FoX)= [axy | -5’;: (1 + _VXP—> (A o) Spe®s (Z30)- an
X 5 Pmin ev

Below we present some simple approximation formulas for the functions appearing in the first
integral for the case of a rigid rotator. These formulas contain the optical thickness and
the parameter o (dimensionless inverse temperature) as independent variables. With their
help it is possible to calculate Fj,(X) without doing the sum over linmes. It is not difficult
to obtain similar expressions not only for the rigid rotator model, but also for actual ‘
molecules, such as those given in Table 1. These formulas can be used as an alternative to
the method of averaging the absorption coefficient over the rotational structure in the case
of low pressures and not too high temperatures, when the approximation of isolated lines is
valid.

The bands of a rigid rotator split up into two branches, R and P. Formulas for the rota-
tional terms have the same form for the upper and lower electronic states:

F=Bj§+1), F=B7{+1 (18)

Introduicng the variable p and using the fact that j' = j" + 1 for the R-branch and j' = j" —
1 for the P-branch, after several transformations, we find from (3)

AVPS = ([3_— 1) (y_—ym)2 + fma

Y I (19)
y=g T ET g
fm: iﬁym+ "—‘_3[3:—1 . { (20)

Since (20) is independent of both p and o, and depends only on B (this characterizes the elec-
tronic—vibrational transition), we redefine Avps, absorbing f; into vgy.

The integral index of line absorption can be expressed as

Che 21
Sjs = SoVisDijs €Xp ('_ BT Ffs)’ (21)
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TABLE 3. Ranges of 0 for the Sample Calculations. 8, = 0—102,
for a Rigid Rotator T = 200-3000°K

System B Ven B (em-ly | Profile 8,
OH (v) 0,916 1750 18,5 D 1—4
L 1—108
NC {B) 0,661 16500 1,69 D 1—4
L 1—10
0; (SR} 0,640 25800 1,% D 1—4
L 1—10
. D 1—108
Line £ 1—104

where we include in S, all factors depending only on electronic and vibrational terms, the
electronic transition strength, the Franck—Condon factor, concentration of molecules, etc.;
st is the Hunnel—London factor, equal to j + 1 and j for the R and P-branches:

~-—2 (22)

since a << 1.

Substituting formulas for the rotational terms and the Hunnel—London factor in (21), we
obtain after some transformations

Sps = Sm——— Vs, % = pexp(— pd),
*m
(23)
= max {x (p)} = —1——exp —~—1—\ S = Syt exp (i)
B %3 2 ) Ve 5
With the help of (23) we find that (14) for the optical thickness takes the form
1 e ,
Zpy=—— | Su Vprsdx'. (24)
OrVps X Hm

In order to do the integration with respect to p in (17), it is necessary to decouple the
variables p and x' in (24). To do this, we introduce an approximation for the integral index
of line absorption:

. o % d{a')
Sps = s S ,
S N N S e ) ' (25)
, 2 S Av,
do) = — = 14+ —2= 1V dp,
@) yo ,”\ Hm < ’ ev ) g (26)
Prin

which is constructed such that an integration with respect to j of both sides of (25) con-
verts the expression into an exact equality. In (26) the factor inside the brackets can, to

a good approximation, be set equal to unity because the branch width is much smaller than the
electronic—vibrational transition frequency. The integral can now be performed and for o << 1
the result is

I

m Vo

d (o) ~ (27)
The value of pyy, Is Yo or 2/u for the R and P branches, respectively, if we model a molecule

with half-integral j by a rigid rotator. However, for small o, the integral in (26) depends
only very weakly on its lower limit.

Using (23) and (25), F,(X) can be written in the following form, valid for either branch;:

L
_ Bv,, \ dx S

v Ve

Hy(Zs, @), (28)
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Fig. 1. Range of parameters Zy and Z, where the er-
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o Avps % %
HaZe 0)=2 | dp ( e ) (o == 0 (2, ), 29)

Km
Pmin

et ) F e 0
Gh'yev X

The ratio vps/yps in the last expression is replaced by vey/vey; this is valid for the Dop-
pler profile and also approximately correct for the Lorentz profile.

We now turn to the question of how many terms must be kept in the expansion of the Planck
function (4) in powers of o. The answer depends on how significantly bps changes within the
band. The comparison between our method and the exact results discussed below shows that it
is sufficient to keep the first two terms in the series (zeroth and first order) if b ps is
normalized such that when py = 1/V2 (this value of p corresponds to the maximum value of the
integrand for Go in (35)) we have bpg equal to unity. We write bpg in series form with new
coefficients:

1
3 Av,, \3 C(— 1)n
by, = (1 + AL) exp (— @A, + @AV, — adv,) & exp (— adv,) (1 + —’) Y S v — v,

v ev -

ev . =0 (31)
where Avps = (B — 1) (y — ym)?; Avg = Avps(y = p*//aﬁ, and fo = 1.064, £, = 0.9182 for the R~
branch and fo = 0.9966, f, = 1.514 for the P-branch. These values of fo and f; lead to ac-
curacy within 15% for the expansion (31) when 'a(AVps Avg)l<i 0.7 for the R-branch and also

to within 157 when —0.2 <:~a(Ava Avg) < 1.2 for the P-branch. Then (12) takes the form

1
dR (— )" dF,
Y~ — B, . exp (— alAv,),
X Z " ¢ IX p( %)

(32)
Qo = fo + [idvea, @ =fr-
Substituting Avpg in (29) and putting
(1+ AVPS)4z1+4LVPS, (33)
A Vev N Ve
since Avps/vev is small, we obtain
G 24m
Ho(Zey ) = O = (B D) (2 — 22 cm+ymcm)] (36)
x .
G (Zer @) =2 gdppz——cbh( “) =012 (35)

Pmin

Ignoring the term 4 (Avyg)®/vey we find that H;(Zy, o) is exactly equal to the expression with-
in the square brackets of (34). The functions Gji can be written to good approximation by
the following:
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Fig. 2. Region of the parameters Zy and Z¢ in which the error
in the rigid rotator radiation intensity for (a) OH and (b) O,
is less than 30% (area below curves 1) and 50% (area below
curves 2). The solid curves refer to a Doppler profile, the
dashed curves to a Lorentz profile.

lfln(l—}—aZ*) 2
I

Gip (Zs, @) = ¢ (@) T 0.2, (36)

Gt (Zyy )~ a; (@) [1+ b (@) Z,] 2.

The coefficients of these expressions are found by the method of least squares and are given
in Table 2. For va = 0.030~0.365 and 2y = 107%-10" these formulas yield an accuracy of within
10% or better for both branches.

The accuracy of our approximate results was tested using a double layer problem in which
we calculate the radiation of a layer of gas consisting of two zones with different tempera~-
tures and concentrations of radiating gas. All parameters were taken to be constant within
each of the two zones. The radiation was recorded as viewed from the zone with lower tempera-
ture, ’

For isolated lines, the problem is parametrized by the four quantities 8y, 8., Zp and Zg:
6p=va, O=p/Va, & =a@—1) v, : (a7

For a rigid rotator the number of parameters increases to six with the addition of B and Vgy-

The accuracy of our approximation formulas was tested by calculating a large number
(~200) of samples (Table 3). The values given for B and vgy refer to the most intense bands
of the corresponding molecular band system. It is necessary to point out that certain combina-
tions of 6 and'6; in (37) lead to values of a such that the corresponding temperature T lies
outside the range 200-3000°K. In these cases 0} and 0, were restricted such that the result-
ing temperature was within the above limits. Obviously the rejected cases are not those with
maximum error.

Figure 1 shows the accuracy of approximation (14) for the equivalent linewidth. The
graph was constructed by taking the worst cases, i.e., those yielding minimum sizes of the
regions 1 and 2. For the Lorentz profile this situation occurs for &y = 10, 6, == 10; for the
Doppler profile we have 0p = 2.5, €, z>10. Further increase in 6y leads to a decrease in the
error because the narrower the line in the cold zone, the less it contributes, and the more
closely the problem becomes uniform. For the Lorentz profile with 61 < 1, approximation (14)
leads to negative values of the intensity, hence these values of 8 were not considered.

We consider now a series of calculations for the R and P-branches of the rigid rotator
(Figs. 2a, b). The results for NO(B) practically coincide with those for Oa, therefore we
give the results only for the latter, in which the error turns out to be larger. As an exact
solution we use calculations of the radiation of branches consisting of isolated Lorentz or
Doppler lines for the rigid rotator. The results of those sample calculations showing the
largest error are shown in Fig. 2. TFor the Lorentz profile this occurs for 61, = 1, for the
Doppler profile 6p = 1.5-2. For both cases, the accuracy of our method improves with increas-
ing 0k; the value 6y, = 10 was chosen as the maximum for NO(8) and 0. Calculations were also
done with 6p = 10 for Doppler lines in the violet OH system; the resulting errors were smaller
than those shown in Fig. 2a. Transition for OH to NO(B) and O: leads to increasing error;
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this is due principally to approximation (31), since the change in the exponential of big
within the band branch is larger for the latter two systems than for hydroxyl.

Figure 3 shows a comparison between the exact value of the radiation intensity of the
(0, 0) band of hydroxyl (consisting of isolated Doppler lines), calculated using the Hunnel—
London factor [4] and the rotational terms of [5], and the value of the radiation intensity
of this band obtained by averaging the absorption coefficient [2]. Calculations were per-
formed with T = 3000°K and @ = 1-15. A curious feature of the results is the appearance of
an "oasis" at large optical thicknesses in the cold zone. The regions 1 and 2 are at least
three times smaller with respect to the Z. axis than the corresponding regions in Fig. 2a.

Thus we see that our approximation formulas for the rigid rotator allow study calcula-
tions on the radiation of hydroxyl, nitric oxide, oxygen, and other molecular systems, con-
fined in layers with temperature gradients in the range 200-3000°K. The amount of calcula-
tion with our approximation formulas is reduced by at least two orders of magnitude in com-
parison to the amount of calculation necessary to obtain the exact solution. Comparison
with the method of absorption coefficient averaging shows that our approximation method
leads to better results under the conditions considered. We point out that there is a signif-
icant difference between our method and that of [6], where an expression for the total absorp-
tion of a set of isolated Lorentzian lines is developed within the framework of various
statistical models of band spectra. In our method, the molecule is modelled (by a rigid
rotator or more exact model), then the summation over lines is domne.

In the case when the line profile is complex, our formulas can still be used with the
help of an approximate expression for the equivalent linewidth in the form of a linear combin-
ation of Lorentz and Doppler equivalent widths [3, 7, 8]. Then F,(X) in (13) becomes a cor-
responding linear combination of the F, for the Lorentz and Doppler profiles. Our method is
also applicable for the visible and IR spectral regions under the obvious condition that the
lines can be taken as isolated, since in (37) 8, ranges from 0 to 100.

NOTATION

I,, spectral radiation intensity, W/m*ssecestem™*; B,, spectral equilibrium-radiation
intensity, W/m®egecestem™'; R, transmission; Kyk, spectral absorptivity of the k-th line, m™ty
L, beam path, m; X and x, current coordinates, m; E, Gy, Fjs, electronic, vibrational, and
rotational terms of a diatomic molecule, m™'; B, rotational constant of lower electronic
state, m~*; T, temperature, °K; Wis, equivalent linewidth, m™"; Sis» integral index of line
absorption, m‘z; Zis»> optical thickness at center of the line; j, rotational quantum number;
a, hot-to-cold temperature ratio; a4, bi, cy, dimensionless coefficients in approximation
formulas; p, hot-to-cold zone pressure ratio; o = hcB/kT, dimensionless inverse temperature; -
B, ratio of rotational constants of higher and lower electronic levels; Yiss line halfwidth,
m " ; Vey, dimensionless wavenumber in the beginning of band; Avjg, dimensionless wave number
of rotational line, calculated from the beginning of the band; vjg, wave number of the center
of rotational line, m~*; 6x (k = D, L), ratio of line halfwidths in hot and cold zones; 6.,
absolute logarithm of ratio of the Planck functions Bev in cold and hot zones; op = vm; op =
m. Subscripts; ev refers to electronic—vibrational transition; s, j, n, i correspond to
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band branch, line branch, terms in the expansion of the Planck function in a Taylor series,
and approximation formula for G4k, respectively; h, ¢ stand for quantities pertaining to
hot and cold layers; ' refers to upper level; " refers to lower level; D, Doppler profile; L,
Lorentz profile.
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APPROXIMATE CALCULATION OF TRANSPORT COEFFICIENTS IN MULTI-
COMPONENT MIXTURES

V. V. Ryabov UDc 533.1/2

An efficient method is developed for calculating transport coefficients in dissoci-
ated gas mixtures with a large number of components.

For solution of problems of heat and mass exchange in the presence of hypersonic stream-
line flow around obstacles [l], data on the various transport coefficients in mixtures of reac-
ting gases is necessary. Application of the expressions for the coefficients of viscosity,
thermal conductivity, thermal diffusion, and multicomponent mass diffusion derived from the
kinetic theory of gases [2-4] can often be unwieldy because of the large amount of computer
time used in the calculation. Significantly simpler expressions can be obtained with the help
of the bifurcation appreximation to the binary diffusion coefficient [5-7]. This approxima-
tion is used in the present paper to obtain a relation for the diffusion current and expres-
sions for the coefficients of viscosity, thermal conductivity, and thermal diffusion.

Specifically, calculations were done for stably dissociated air at temperatures ranging
from 2000 to 8000°K and pressures between 0.1¢10° and 10° Pa. Comparison of the results of
our calculations for the transport coefficients with those of numerical calculations based
on the kinetic theory of gases [2-3] indicates acceptable accuracy for our method.

1. The Chapman—Enskog method for a quasineutral mixture gives the following expressions
for the mass diffusion current, heat current and viscous stress tensor [4]:

i = iV = 2 mymDady — DT v 10 T,
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